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Richard Courant on the loss of unity between 
mathematics and the physical sciences:…..the 
broad stream of scientific development may split 
into smaller and smaller rivulets and dry out. It 
seems therefore important to direct our efforts 
towards reuniting divergent trends by classifying 
the common features and interconnections of 
many distinct and diverse scientific facts.                      



Wave turbulence theory

First part of our collaboration embarked on the 
climb, but by now detailed explorations of the KE 
dynamics are also within reach, opening up new 
areas of physics for theoretical investigation.


Equations have consequences…..


….and so have boundary conditions!
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Similar status  for kinetic equation in Wave Turbulence 
Theory

R.P. Feynman 1961 lecture notes on 
statistical mechanics and the 

Boltzmann factor
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Z w  kinetischen I’heor6e 
der  W&vneleitung in Eris tnl len 

Von R. P e i e r l s  
(Mit 1 Figur) 

Einleitung 

In  der liinetischen Theorie der festen Korper sind seit 
den Arbeiten von B o r n  und v. K a r m a n  und anderen alle 
Probleme, wenigstens prinzipiell, gelost. die sich auf die Unter- 
suchung von Gleichgewichtszustanden beziehen. Dagegen macht 
die Behandlung nichtstationarer und quasistationarer Problerne 
noch Schwierigkeiten. Der Grund hierfur liegt darin, da13 man 
zu ihrer Behandlung die - im allgemeinen sekundaren - Pro- 
zesse mit berucksichtigen muB, die das Eintreten des statisti- 
schen Gleichgewichts herbeifuhren. 

Die V:rhaltnisse liegen genau wie in der kinetischen Gas- 
theorie: Die Erscheinungen, die von den Sto13en zwischen den 
Molekulen herruhren, sind fur die hufstellung der Zustands- 
gleichung von untergeordneter Bedeutung. Dagegen spielen sie 
eine entscheidende Rolle fur die Warmeleitfahigkeit und alle 
die Erscheinungen, in die der Begriff der freien Weglange ein- 
geht. 

Genau so verhalt es sich im Fall der festen Korper. Man 
weiB seit Born1) und Debyez), da13 das idealisierte Modell 
rnit harmonischen Kraften xwischen den Atomen fur die Unter- 
suchung der Warmeleitfahigkeit unbrauchbar ist, da es eine 
unendlich groBe Warmeleitfahigkeit liefern wurde. In  dem 
Modell mit harmonischen Kraften kann a a n  namlich - wie 
wir im einzelnen im 1. Abschnitt sehen werden - die Be- 
wegungen der Atome aus voneinander unabhangigen ebenen 

1) M. Born, Phys. Ztschr. 16. S. 191. 1914. 
2) P. Debye, Vortrlge uber die kinetische Theorie etc. S. 43. 

Teubner 1914. 

(1929)
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S u m m a ry,  A fa mily o f one -dime ns iona l nonline a r dis pe rs ive  wa ve  e qua tions  is  intro- 
duce d a s  a  mode l for a s s e s s ing the  va lidity o f we a k turbule nce  the ory for ra ndom wa ve s  
in a n una mbiguous  a nd tra ns pa re nt fa s hion. The s e  mode ls  ha ve  a n e xplicitly s olva ble  
we a k turbule nce  the ory which is  de ve lope d he re , with Kolmogorov-type  wa ve  numbe r 
s pe ctra  e xhibiting inte re s ting de pe nde nce  on pa ra me te rs  in the  e qua tions . The s e  pre dic- 
tions  o f we a k turbule nce  the ory a re  compa re d  with nume rica l s olutions  with da mping 
a nd driving tha t e xhibit a  s ta tis tica l ine rtia l s ca ling ra nge  ove r a s  much a s  two de ca de s  
in wa ve  numbe r. 

It is  e s ta blis he d tha t the  qua s i-Ga us s ia n ra ndom pha s e  hypothe s is  o f we a k turbule nce  
the ory is  a n e xce lle nt a pproxima tion in the  nume rica l s ta tis tica l s te a dy s ta te . Ne ve rthe - 
le s s , the  pre dictions  o f we a k turbule nce  the ory fa il a nd yie ld  a  much fla tte r (Ikl -j/3) 
s pe ctrum compa re d  with the  s te e pe r (Ik[ -3/4) s pe ctrum obs e rve d in the  nume rica l s ta tis - 
tica l s te a dy s ta te . The  re a s ons  for the  fa ilure  o f we a k turbule nce  the ory in this  conte xt a re  
e lucida te d he re . Fina lly, a n ine rtia l ra nge  clos ure  a nd s ca ling the ory is  de ve lope d which 
s ucce s s fully pre dicts  the  ine rtia l ra nge  e xpone nts  obs e rve d in the  nume rica l s ta tis tica l 
s te a dy s ta te s . 

Ke y words , turbule nce , ca s ca de s , ine rtia l ra nge  

AMS C code s . 76F99, 60GI0 ,  60H15 

1. Introduction 

We a k turbulence  the orie s  ha ve  be e n utilize d to pre dict wa ve  numbe r s pe ctra  o f ra ndom 
wa ve s  in a  va rie ty o f comple x phys ica l proble ms  ra nging from s urfa ce  gra vity wa ve s  in 
fluids  to ion-a cous tic  wa ve s  in pla s ma s  to optica l turbule nce , a mong ma ny a pplica tions  
([Ha ], [Za k84], [P h], [ZLF92]). The s e  we a k turbule nce  the orie s  a re  ba s e d upon s uita ble  

   MMT 1997    model
1.2 Application to the MMT equation

The MMT model describes the evolution of a complex-valued wave function  (x, t) on
the real line via the following pseudo-di↵erential equation
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The pseudo-di↵erential operators are defined via their action in Fourier space, e.g., the op-
erator |@/@x|↵ corresponds to multiplication of the Fourier modes by |k|↵. The parameter
� = ±1 distinguishes two flavors of this equation, defocusing and focusing, respectively.
The parameter ↵ 2 (0, 1) controls the linear wave frequency ! = |k|↵ dispersion of the
model, and for the given range it excludes resonant triads but permits resonant quartets.
The parameter � measures the strength of derivatives in the cubic nonlinear term.1

We again consider the three-dimensional scaling group (2), i.e.,

 ! a , x ! bx, t ! ct. (17)

This time the assumption of scaling symmetry leads to two conditions, namely

c = b
↵ and a

2 = b
��↵

. (18)

Hence for MMT there remains only a one-dimensional scaling symmetry group such that
if  (x, t) is a solution then so is b

(��↵)/2
 (x/b, t/b↵) for arbitrary values of b > 0. The

spectral action density n(k, t) � 0 is defined such that
Z +1

�1
n dk = | |2, (19)

which again implies
n ! a

2
b n. (20)

Denote the associated spectral action flux by ⌘ and by the generic argument given before
we have

⌘ ! a
2
b/(bc) ⌘ = a

2
/c ⌘. (21)

Assuming an action inertial range exists we have

n = f(k, ⌘) (22)

and therefore

a
2
b n = f(k/b, a2/c ⌘) , b
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f(k, ⌘) = f(k/b, b��2↵

⌘). (23)

For power laws
f(k, ⌘) = Ck

p
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1In the original MMT97 paper � = 1, ↵ = 1/2, and � was defined with the opposite sign; we follow
the notation of Zakharovetal04.

3

Schrödinger-like equation for a complex-valued wave field ψ(x, t)

Linear operators:
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exp(ikx) = |k|↵ exp(ikx)

Three parameters: (↵,�,�)

linear cubic nonlinearity

 = ei(kx�!t) with !(k) = |k|↵.Linear waves:

 controls the scale-dependent strength of the nonlinearity β

 controls defocusing/focusing nature of nonlinearity.  Defocusing only here. λ = ± 1



MMT -Resonant quartets
1.2 Application to the MMT equation

The MMT model describes the evolution of a complex-valued wave function  (x, t) on
the real line via the following pseudo-di↵erential equation
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linear cubic nonlinearity

Linear wave solution:  = ei(kx�!t) with !(k) = |k|↵.
Fourier modes interact in quartets for cubic nonlinearity.  

A mode with wavenumber k interacts with three others iff

k1 + k2 = k3 + k

The interaction is resonant if we also have frequency matching:

!1 + !2 = !3 + !

Four-wave resonance is possible in MMT97 if .  Use , as in deep water surface waves 

Primary mechanism of spectral energy transfer at small amplitude.

α < 1 α = 1/2



mmt-Conservation laws

MMT97 conserves action and energy (Hamiltonian)

N =

Z
| |2 dx H =

Z 0
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linear H1 nonlinear H2

H1 =
1

2⇡

Z
|k|↵| ̂|2 dk =

1

2⇡

Z
!(k)| ̂|2 dk

Action and H1 have straightforward spectral densities using Fourier transform :ψ̂(k, t)

N =
1

2⇡

Z
| ̂|2 dk

Basic WTT assumption: H2 ≪ H1

MMT97 has two cascades, as in 2d turbulence

Standard Fjortoft argument: linear energy flows 
downscale, action flows upscale.



steady states of KE
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n = C equipartition of action

n =
C

!
equipartition of energy

n = C✏
1
3 kz k > 0

Two trivial zero-flux steady states:

✏ = 0

Non-trivial flux power law 

(direct cascade example here):

✏ > 0

z = �1� 2�

3

Celebrated Zakharov-Kolmogorov power law:

Interestingly, does not depend on value of 

(Shout-out: Balk 2000)

α

ϵ ∼ n3 ∼ amp6



Does it work?
MMT added forcing and dissipation terms to the model and simulated until a 
stationary regime was reached.

Good news: found a robust energy cascade with clear power law scaling!
Bad news: the observed power law was never the ZK law.

This was replicated for 4 different values of , but 
the ZK slope was never observed.

MMT concluded that KE was not the correct closure.

Gave heuristic argument for another power law:

β

m = −
3
2

+
α − β

2
n = C✏

1
2 km

ϵ ∼ n2 ∼ amp4
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Fig. 4. Log-log plot o f the  s ta tis tica l s te a dy s ta te  o f the  mode l e qua tion 
with ~ = 1/2,/5 = 1, a nd a  box-s ize  o f 2rr. A fit with a  powe r la w with 
e xpone nt ~? ,, = 3/4 is  s hown, a nd contra s te d with the  e xpone nts  corre - 
s ponding to the  dire ct a nd inve rs e  ca s ca de  a ccording to we a k turbule nce  
the ory, re s pe ctive ly, ~ F  = 1/3 a nd ~ y = I/6. 

un til a  s ta tis tic a lly s te a d y c o n fig u ra tio n  is  re a c h e d ,  wh ic h  typ ic a lly o c c u rs  a fte r a b o u t 
five  to  te n  tu rn o ve r tim e s .  

As  in itia l da ta ,  we  c h o s e  a  ra n d o m  re a liz a tio n  o f the  s p e c tru m  p re d ic te d  b y the  the ory. 
To th is  e n d ,  we  p ic ke d ,  fo r e a c h  wa ve  numbe r,  two  ra n d o m  n u m b e rs ,  one  fo r the  p h a s e  
a n d  one  fo r the  a m p litu d e ,  with  p ro b a b ility c o rre s p o n d in g  to  a  G a u s s ia n  d is trib u tio n  in  
the  c o m p le x p la n e  with  u n ifo rm ly d is trib u te d  p h a s e .  Th e  th e o re tic a l s p e c tru m  is  in je c te d  
in to  the  d a ta  th ro u g h  the  s ta n d a rd  d e via tio n  o f th is  G a u s s ia n ,  wh ic h  is  g ive n  b y Ew -y/~. 

Th e  re s u lts  o f th is  firs t e xp e rim e n t a re  p lo tte d  in F ig u re  4, wh ic h  s h o ws  n(k) a ve r- 
a g e d  o ve r a  tim e  win d o w b e twe e n  t = 2 0 0 0 0  a nd  t = 30000 . Th e s e  re s u lts  a re  ve ry 
e n c o u ra g in g : Th e y d is p la y a ll the  fe a tu re s  one  wo u ld  re q u ire  fro m a  toy m o d e l fo r tur- 
b u le n t b e h a vio r o f ra n d o m  wa ve s : a  s m a ll fo rc in g  ra n g e  in  the  low wa ve  n u m b e rs ,  a  
lo n g  ine rtia l ra n g e  wh e re  n s c a le s  a s  a  p o we r o f k, a nd  a  s h a rp  tra n s itio n  to  a  d is s ip a tive  
ra n g e  with  a  m u c h  fa s te r ra te  o f d e c a y.  Mo re o ve r,  the  s c a le s ,  b o th  s p a tia l a nd  te m p o ra l,  
a re  a t le a s t q u a lita tive ly in a g re e m e n t with  the  o n e s  p la n n e d ,  thus  c o n firm in g  the  s c a lin g  
a s s u m p tio n s  o f S e c tio n  2.2. Ho we ve r,  the  e xp e rim e n ta l re s u lts  yie ld  the  m u c h  s te e p e r 
s p e c tru m  n ~ Ik] -3;4, in s te a d  o f the  p re d ic te d  Ikl 1/3 fo r the  d ire c t c a s c a d e .  

In  F ig u re  5a , we  s e e  the  e vo lu tio n  o f the  s p e c tru m  from the  in itia l Ikl -]/6  to  the  fina l 
tk1-3/4, a ve ra g e d  o ve r the  tim e  win d o ws  0 -1 0 0 ,  1 0 0 -1 0 0 0 ,  5 0 0 0 -1 0 0 0 0 ,  a n d  2 0 0 0 0 -  
30000 . Th e  a p p a re n t s p re a d  o f the  d a ta  in  the  in itia l s p e c tra  is  due  to  the  re la tive ly 
s m a ll s iz e  o f the  firs t fe w tim e  win d o ws .  To  c h e c k tha t the  la s t a ve ra g e  c o rre s p o n d s  to  
a  s ta tis tic a lly s te a d y s ta te ,  we  d id  a  s e c o n d  run  with  in itia l d a ta  n ~ Ik1-3/2, wh ic h ,  a s  
s h o wn  in  F ig u re  5b , c o n ve rg e d  to  the  s a m e  s o lu tio n  fro m be low. Th is  ha s  the  a d d itio n a l 

α = 1/2 β = − 1

z = − 1/3

m = − 3/4
observed spectral slope

This created a bit of a stir in the WT community…
many simulations, diverse results, distinguished 

contributors, unclear conclusions



Many possible reasons why

Amplitude too high for weak turbulence


Amplitude too low for weak turbulence


KE allows for downscale energy flux and upscale 
action flux only if 


Negative  reduces nonlinearity at small scales & 
increases intermittency


One-dimensional models are special.


WWT works better for freely decaying turbulence 

β > − 1/2

β

 was just a fraction of a %


Maybe resonances too isolated? 


MMT97 included

  


True!  But see clear turbulent cascade with power law scaling


Perhaps.  But want to have predictive skill here as  well.


There is evidence for that in MMT model.  

But ZK theory was for steady  states.. 

H2/H1

β = − 1/4

10 ° 

• . . . . .  
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Fig , 14b. S tatis tical s te ady s tate  with/3  = 1/2, and a powe r law s ca ling  
with e xpone nt le as t-s quare  fitted to 1.02. 

be ta  = 1/4, t = 5 1 0 0 - 1 0 0 0 0 ,  n - I kP" ( -1 .11)  
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Fig . 14c. S tatis tical s te ady s tate  with/3  = 1/4; the  corre s ponding e x- 
pone nt is  1.11. 

5 .  A N e w  Ine rtia l R a n g e  S c a ling  Th e o ry  

In  th is  s e c tion ,  we  s ke tc h  a  ne w th e o ry fo r ine rtia l ra n g e  s c a lin g ,  wh ic h  re lie s  h e a vily on  
the  u s e  o f re fin e d  s e lf-s im ila rity,  a s  we  in tro d u c e d  it in  S e c tio n  3 .2 .2 . Th e  p re d ic tio n s  o f 

Our work explored a larger class of self-similar 
power laws & high-resolution simulations



MMT similarity
1.2 Application to the MMT equation

The MMT model describes the evolution of a complex-valued wave function  (x, t) on
the real line via the following pseudo-di↵erential equation
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The pseudo-di↵erential operators are defined via their action in Fourier space, e.g., the op-
erator |@/@x|↵ corresponds to multiplication of the Fourier modes by |k|↵. The parameter
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The parameter ↵ 2 (0, 1) controls the linear wave frequency ! = |k|↵ dispersion of the
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The parameter � measures the strength of derivatives in the cubic nonlinear term.1
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spectral action density n(k, t) � 0 is defined such that
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the notation of Zakharovetal04.
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Self-similar scaling group

(a,b,c) > 0 

1.2 Application to the MMT equation

The MMT model describes the evolution of a complex-valued wave function  (x, t) on
the real line via the following pseudo-di↵erential equation
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The pseudo-di↵erential operators are defined via their action in Fourier space, e.g., the op-
erator |@/@x|↵ corresponds to multiplication of the Fourier modes by |k|↵. The parameter
� = ±1 distinguishes two flavors of this equation, defocusing and focusing, respectively.
The parameter ↵ 2 (0, 1) controls the linear wave frequency ! = |k|↵ dispersion of the
model, and for the given range it excludes resonant triads but permits resonant quartets.
The parameter � measures the strength of derivatives in the cubic nonlinear term.1

We again consider the three-dimensional scaling group (2), i.e.,

 ! a , x ! bx, t ! ct. (17)

This time the assumption of scaling symmetry leads to two conditions, namely

c = b
↵ and a

2 = b
��↵

. (18)

Hence for MMT there remains only a one-dimensional scaling symmetry group such that
if  (x, t) is a solution then so is b

(��↵)/2
 (x/b, t/b↵) for arbitrary values of b > 0. The

spectral action density n(k, t) � 0 is defined such that
Z +1

�1
n dk = | |2, (19)

which again implies
n ! a

2
b n. (20)

Denote the associated spectral action flux by ⌘ and by the generic argument given before
we have

⌘ ! a
2
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/c ⌘. (21)

Assuming an action inertial range exists we have

n = f(k, ⌘) (22)

and therefore
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1In the original MMT97 paper � = 1, ↵ = 1/2, and � was defined with the opposite sign; we follow
the notation of Zakharovetal04.
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A one-parameter family of power laws is possible

1.2 Application to the MMT equation

The MMT model describes the evolution of a complex-valued wave function  (x, t) on
the real line via the following pseudo-di↵erential equation
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The pseudo-di↵erential operators are defined via their action in Fourier space, e.g., the op-
erator |@/@x|↵ corresponds to multiplication of the Fourier modes by |k|↵. The parameter
� = ±1 distinguishes two flavors of this equation, defocusing and focusing, respectively.
The parameter ↵ 2 (0, 1) controls the linear wave frequency ! = |k|↵ dispersion of the
model, and for the given range it excludes resonant triads but permits resonant quartets.
The parameter � measures the strength of derivatives in the cubic nonlinear term.1

We again consider the three-dimensional scaling group (2), i.e.,

 ! a , x ! bx, t ! ct. (17)

This time the assumption of scaling symmetry leads to two conditions, namely

c = b
↵ and a

2 = b
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. (18)

Hence for MMT there remains only a one-dimensional scaling symmetry group such that
if  (x, t) is a solution then so is b

(��↵)/2
 (x/b, t/b↵) for arbitrary values of b > 0. The

spectral action density n(k, t) � 0 is defined such that
Z +1

�1
n dk = | |2, (19)

which again implies
n ! a

2
b n. (20)

Denote the associated spectral action flux by ⌘ and by the generic argument given before
we have

⌘ ! a
2
b/(bc) ⌘ = a

2
/c ⌘. (21)

Assuming an action inertial range exists we have

n = f(k, ⌘) (22)

and therefore
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2
b n = f(k/b, a2/c ⌘) , b

��↵+1
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⌘). (23)

For power laws
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this leads to

b
��↵+1

Ck
p
⌘
r = C

✓
k

b

◆p �
b
��2↵

⌘
�r ) b

��↵+1 = b
�p+r(��2↵)

. (25)

1In the original MMT97 paper � = 1, ↵ = 1/2, and � was defined with the opposite sign; we follow
the notation of Zakharovetal04.
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One-parameter symmetry group, 
less powerful than in Euler case, 
where scaling group  yields K41 
directly

n(k) = f(k, ϵ)

n = C✏rkp ) p = �1 + ↵� � + r(� � 3↵) Non-unique

Perhaps “explains” why so many different 
spectra have been found?!

i.e., P = P and Q = Q. Hence in a perfect direct inertial range

nk = f(k, P ) (26)

for some function f(·, ·) to be determined. Standard dimensional analysis applied to wave turbulence

proceeds at this stage by assuming a power law between nk and P based on the number of wave

modes in a resonant set, e.g., nk / P 1/3 for resonant quartets (Connaughton, Nazarenko, and

Newell 2003; Zakharov, L’vov, and Falkovich 1992). We avoid this assumption and instead use the

scaling symmetry of the MMT system from Section 2.2 to explore the implications of (26).

With each  (x, t) in the averaging ensemble we can associate a rescaled solution  ̃(x̃, t̃) =

a (x̃/b, t̃/c). The rescaled ensemble average of solutions then presumably again satisfy (26), i.e.,

ñ
k̃
= f(k̃, P̃ ) (27)

holds with the same function f . This is the hallmark of a self-similar inertial-range spectrum. The

validity of (27) for all b > 0 in (14) restricts the form of the function f . For this we need to work

out the rescaling of nk, k, and P . Evidently, L̃ = Lb, k̃ = k/b, and then '̃
k̃
= ab'k follows from

its definition in (8). Combining these yields ñ
k̃
= a2b nk. The rescaling of P is the the same as the

rescaling of @t!(k)| |2 and therefore P̃ = a2b�↵c�1 P . Combining these with (26) and (27) leads

to

ñ
k̃
= f(k/b, a2b�↵c�1 P ) and ñ

k̃
= a2b nk = a2b f(k, P ). (28)

Equating these two implies the functional restriction

a2b f(k, P ) = f(k/b, a2b�↵c�1 P ) ) b��↵+1 f(k, P ) = f(k/b, b��3↵ P ), (29)

which holds for all b > 0.
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Three ways

m = −
3
2

+
α − β

2

z = − 1 −
2β
3

n = C✏rkp

n = C✏
1
3 kz

n = C✏
1
2 km

p = − 1 + α − β + r(β − 3α)

Zakharov-Kolmogorov WT-KE

MMT heuristic closure

Self-similar family

p = z  if r=1/3    

 

p = m if r=1/2, but only if !α = 1/2



Numerical Simulations

Revisit MMT simulations with 40000 times more computational power

Forcing: white-noise-in-time forcing, allows precise control over expected energy/
action fluxes

Dissipation: 8th-order hypo/hyperdiffusion at small/large wavenumbers.

Pseudo-spectral code with integrating factor for the linear dynamics (dispersion 
and dissipation).  RK4/5 time stepping on nonlinear time scale for any .  

Run-time estimation of mean fields using auto-regressive low-pass filter in time.

β



Self-similarity test: 

the Sure thing case

n = C✏rkp p = − 1 + α − β + r(β − 3α)Self-similar spectra analysis

There is a  sure answer if :β = 3α p = − 1 − 2α

Value of r irrelevant in this special case!  Yes or no answer…test with β = 3/2
α = 1/2

p = − 2

compensated spectrum H2/H1 = 0.2 %

Result appear compatible 
with self-similar cascade, 
though observed slope is a 
little steeper than z.


System tries to be self-
similar, as far as permitted 
by boundary conditions



Test run showing dual cascade          α = 1/2 β = 0

(a) (b)

Figure 1: (a) Snapshot of Re[ (x, t)] at the final time of the simulation (t = 2⇥104). (b) Estimated

action density nk at the final time. Estimated power laws are k�0.85 in the inverse cascade and

k�1.17 in the direct cascade. The thick vertical lines mark the inertial ranges in which we measure

the power-law slopes. The thin solid line is the maximum wavenumber in the numerical resolution

and the dashed line is half of that, illustrating the usable de-aliased wavenumber range.

(a) (b)

Figure 2: (a) Time evolution of total action (N) in the simulation. (b) Same for the total energy (H),

linear energy (H1), and nonlinear energy (H2) in the simulation. At the final time H2/H ⇡ 0.068.
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Fully de-aliased code for cubic nonlinearity: restrict to 50% of modes

ωFω− ω+

the resultant very clear power laws. However, none of their many runs showed the ZK power law,

which is surprising as their model satisfies all the basic requirements for a kinetic equation based

on four-wave resonances. This produced a long-standing puzzle, with many proposed solutions.

MMT97 themselves constructed a heuristic scaling theory for their observed slopes. Subsequently,

Cai et al. 1999, 2001; Zakharov et al. 2001; Zakharov, Dias, and Pushkarev 2004; Rumpf, Newell,

and Zakharov 2009; and others explored further avenues to explain the di↵erences. Notably, in

some of these studies the ZK slopes were observed in freely decaying wave turbulence experiments,

but never in forced–dissipative experiments. Most recently, Chibbaro, De Lillo, and Onorato 2017

(hereafter CDLO17) speculated that di↵erent power laws might result from di↵erent amplitude

levels in the system, with the ZK slopes accurate at low amplitude and the alternative slopes

observed by MMT97 arising at higher amplitude.

Here we reconsider this problem with a new combination of theory and numerical experiments.

We focus on the forced–dissipative energy cascade in the MMT model, which is assumed to feature

an inertial range power law nk / k�pP r with exponents p and r. Here P is the constant spectral

flux of wave energy from forcing to dissipation wavenumbers. In WTT for four-wave interactions the

value r = 1/3 is hard-wired into the theory and the ZK value for the exponent p then follows from

the kinetic equation (Zakharov, L’vov, and Falkovich 1992). Here we do not make this assumption

and instead find a more general one-parameter family of pairs (p, r) that are compatible with self-

similar cascades. This opens the way to accommodate more than one power law exponent, and

both the ZK value and the alternative MMT value are members of that family. We follow up on

this with very high-resolution numerical simulations to test our theoretical results and to explore

the factors that ultimately control the spectral slopes. We vary the spectral locations of forcing and

dissipation (infrared and ultraviolet), as well as the level of nonlinearity. This yields a systematic

study of the less-than-unity non-dimensional parameters that collectively determine the dynamics,

which are ✓
H2

H
,
!�
!F

,
!F

!+

◆
. (1)

Here !± are the wave frequencies at the ultraviolet or infrared dissipation wavenumbers, respec-

tively, !F is the wave frequency at the forcing wavenumber, and H2/H is the ratio of nonlinear

energy to total energy (full details are given in Section 2). Idealized WTT corresponds to a subtle

3

Three key 
parameters:



Fluxes follow Fjortoft

(a) (b)

Figure 3: The log-log plot between typical values of nk (diagnosed from taking the average of nk in

the inertial ranges) and values of (a) action input P and (b) linear energy input Q. The magenta

line is the linear fit over the first five data points. Their slopes are recorded in the titles as measured

r.

(a) (b)

Figure 4: Time tendency of (a) action (N) and (b) linear energy (H1) by various terms of the

equation. Red lines represent the forcing, blue lines dissipation, and green lines the flux due to

the nonlinear term. (Note that the dissipation blue lines are plotted in “area norm”, that is a

multiplication by |k|, to make the dissipation at high wavenumbers visible.) Dotted vertical lines

are the diagnosed location of dissipation. Numerically diagnosed percentages of (a) N that goes

upscale and (b) H1 that goes downscale are in the titles of the figures.
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statistical equilibrium the two budgets Q = Q+ +Q� and !FQ = !+Q+ + !�Q� then yield

Q�
Q

=
!+ � !F

!+ � !�
and

Q+

Q
=

!F � !�
!+ � !�

. (24)

If !� ⌧ !F ⌧ !+ then most action flows to the infrared and most energy flows to the ultraviolet,

i.e., Q� ⇡ Q and P+ ⇡ P . In this regime the system has two well-defined inertial ranges that

contain distinct turbulence cascades. Between the forcing and infrared dissipation, there is an

inverse cascade where action flows to smaller wavenumbers; and between the forcing and ultraviolet

dissipation, there is a direct cascade where (linear) energy flows to large wavenumbers.

Numerical simulations can only a↵ord a finite range of wavenumbers and this is exacerbated

by a concave dispersion relation such as ! =
p

|k| (i.e., ↵ = 1/2), which leads to an even smaller

range of frequencies. This is why the simulations in MMT97 and Zakharov, Dias, and Pushkarev

2004 had the forcing wavenumbers very close to the infrared dissipation wavenumbers. Similar

issues arise in laboratory experiments in finite domains and with finite dissipation strength. To

accommodate these situations, we only assume that !� ⌧ !+, but put no requirement on the

position of !F (except that !� < !F < !+). This leads to

Q�
Q

⇡ 1� !F

!+
and

P+

P
=

!+Q+

!FQ
⇡ 1� !�

!F

. (25)

Clearly, the frequency ratios are the dynamically relevant measures of the inertial range size rather

than the corresponding wavenumber ratios. This means that the size of the inertial range is in

e↵ect much smaller than suggested by the corresponding wavenumber ratio. We will return to this

crucial point in Section 5.3 below.

3 Self-similar inertial-range spectra

In a perfect inertial range it is assumed that neither the forcing nor the dissipation details matter,

and hence the spectrum nk is given by some universal function of k and the mean spectral flux of

the respective cascading quantity, action in inverse cascade and energy in the direct cascade. With

white-noise forcing these mean fluxes are known a priori to be equal to the expected input rates,

10



Measuring flux exponent

(a) (b)

Figure 3: The log-log plot between typical values of nk (diagnosed from taking the average of nk in

the inertial ranges) and values of (a) action input P and (b) linear energy input Q. The magenta

line is the linear fit over the first five data points. Their slopes are recorded in the titles as measured

r.

(a) (b)

Figure 4: Time tendency of (a) action (N) and (b) linear energy (H1) by various terms of the

equation. Red lines represent the forcing, blue lines dissipation, and green lines the flux due to

the nonlinear term. (Note that the dissipation blue lines are plotted in “area norm”, that is a

multiplication by |k|, to make the dissipation at high wavenumbers visible.) Dotted vertical lines

are the diagnosed location of dissipation. Numerically diagnosed percentages of (a) N that goes

upscale and (b) H1 that goes downscale are in the titles of the figures.
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n = CPrkp P = ϵ

Not far off from 0.33, so ZK should be good!



Forward cascade simulated as in original  MM97

Figure 5: Action density spectrum of a run that resembles the � = 0 case in Figure 14d of MMT97.

The vertical lines represents the same quantities as the ones in Figure 1(b). In particular, we have

chosen the inertial range to be |k| 2 [50, 500] following MMT97. The direct cascade spectrum slope

is 1.245 and H2/H ⇡ 0.0839.
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Reduced spectral range


Forcing sharply moved to lower wavenumbers to 
focus on direct cascade


ZK slope: z = -1


Observed slope: z = -1.25


Nonlinearity level 8%.



Now higher-resolution runs, and forcing more centered

(a) (b)

Figure 6: MMT runs with 217 modes to illustrate the e↵ect of changes in H2/H. The set-up is

similar to that in Section 4.3, expect forcing is near |k| = 100 and the magnitude of the forcing

changes across di↵erent runs. (a) The action spectrum nk. Its magnitude changes strongly with

the forcing, but its slope changes only moderately. The experiment marked with thicker black line

is the same as the one marked with the same style in Figure 7. (b) The measured direct cascade

slope as a function of H2/H.
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Impact of nonlinearity parameter?

Weak, non-systematic impact 
even for very high nonlinearity 
levels (EP)



Runs with increasing bandwidth

Impact of inertial range width?

Very strong impact!


Slope shallows and approaches 
ZK value…

Figure 7: Action density spectrum nk vs. !F /!+ with weak nonlinearity (H2/H < 0.1). The ratio

!�/!F ⇡ 0.2 is constant whilst the ratio !F /!+ changes from about 0.2 to 0.03 as the bandwidth

increases. The experiment marked with thicker black line is the same as the one marked with the

same style in Figure 6(a).
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1.15

1.2

1.25

1.3

(a) (b)

Figure 8: Convergence of direct cascade slope for weak nonlinearity. The experiment in MMT97

that is reproduced in Figure 5 is recorded with a square marked “MMT”. (a) The slope is in color

and !F /!+ and !�/!F are the x and y-axis; note the much larger scale on the y-axis. (b) Direct

cascade slope vs. !F /!+, with the three colors marking three groups of experiments with di↵erent

values of !�/!F . The illustrative values of r on the right y-axis are computed from the observed

slope p via (31).

36



Slopology of all parameters
Impact of all three parameters

Slopes vary strongly with parameter measuring the inertial range frequency 
bandwidth.  Convergence towards ZK value.  The r-value varies less.  
Discrepancies also increase if inverse cascade is shortened (left right BC)!

the resultant very clear power laws. However, none of their many runs showed the ZK power law,

which is surprising as their model satisfies all the basic requirements for a kinetic equation based

on four-wave resonances. This produced a long-standing puzzle, with many proposed solutions.

MMT97 themselves constructed a heuristic scaling theory for their observed slopes. Subsequently,

Cai et al. 1999, 2001; Zakharov et al. 2001; Zakharov, Dias, and Pushkarev 2004; Rumpf, Newell,

and Zakharov 2009; and others explored further avenues to explain the di↵erences. Notably, in

some of these studies the ZK slopes were observed in freely decaying wave turbulence experiments,

but never in forced–dissipative experiments. Most recently, Chibbaro, De Lillo, and Onorato 2017

(hereafter CDLO17) speculated that di↵erent power laws might result from di↵erent amplitude

levels in the system, with the ZK slopes accurate at low amplitude and the alternative slopes

observed by MMT97 arising at higher amplitude.

Here we reconsider this problem with a new combination of theory and numerical experiments.

We focus on the forced–dissipative energy cascade in the MMT model, which is assumed to feature

an inertial range power law nk / k�pP r with exponents p and r. Here P is the constant spectral

flux of wave energy from forcing to dissipation wavenumbers. In WTT for four-wave interactions the

value r = 1/3 is hard-wired into the theory and the ZK value for the exponent p then follows from

the kinetic equation (Zakharov, L’vov, and Falkovich 1992). Here we do not make this assumption

and instead find a more general one-parameter family of pairs (p, r) that are compatible with self-

similar cascades. This opens the way to accommodate more than one power law exponent, and

both the ZK value and the alternative MMT value are members of that family. We follow up on

this with very high-resolution numerical simulations to test our theoretical results and to explore

the factors that ultimately control the spectral slopes. We vary the spectral locations of forcing and

dissipation (infrared and ultraviolet), as well as the level of nonlinearity. This yields a systematic

study of the less-than-unity non-dimensional parameters that collectively determine the dynamics,

which are ✓
H2
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,
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!F

,
!F

!+

◆
. (1)

Here !± are the wave frequencies at the ultraviolet or infrared dissipation wavenumbers, respec-

tively, !F is the wave frequency at the forcing wavenumber, and H2/H is the ratio of nonlinear

energy to total energy (full details are given in Section 2). Idealized WTT corresponds to a subtle
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0

0.2

0.4

Figure 9: Direct cascade slope with regard to !�/!F , !F /!+, and H2/H. The sub-figures are

grouped depending on the value of !�/!F (the same groups as the ones in Figure 8(b)). The

solid dots represent measures slopes, and the color is H2/H. The magenta circles represent the

diagnosed r value using the method in Section 4.3.

(a) (b)

Figure 10: nk for MMT model with � = 1/3 vs. the the nonlinearity parameter H2/H. The set-up

is the same as that of Figure 6 and the experiment marked with thicker black line is the same as the

one marked with the same style in Figure 11. (b) The horizontal line marks the ZK slope z ⇡ 1.22.
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MMT



Testing this with 
nonzero values of β

Good theories should predict results in new situations……….

0

0.2

0.4

Figure 9: Direct cascade slope with regard to !�/!F , !F /!+, and H2/H. The sub-figures are

grouped depending on the value of !�/!F (the same groups as the ones in Figure 8(b)). The

solid dots represent measures slopes, and the color is H2/H. The magenta circles represent the

diagnosed r value using the method in Section 4.3.

(a) (b)

Figure 10: nk for MMT model with � = 1/3 vs. the the nonlinearity parameter H2/H. The set-up

is the same as that of Figure 6 and the experiment marked with thicker black line is the same as the

one marked with the same style in Figure 11. (b) The horizontal line marks the ZK slope z ⇡ 1.22.
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β =
1
3

0

0.2

0.4

0.6

Figure 13: Direct cascade slope vs. !�/!F , !F /!+, and H2/H for the � = 1/3 experiments, similar

to Figure 9.

Figure 14: nk for MMT model with � = �1/3 vs. H2/H, showing a new highly nonlinear “break-

through” behaviour and concomitant pile up of energy at high wavenumbers. The set-up is the

same as that of Figure 6 and the experiment marked with thicker black line is the same as the one

marked with the same style in Figure 15.
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z = 1.22

Overall trends the same.  The r-value is higher..



Another value

β = −
1
3

z = 0.77

Much the same, but at high amplitude there is a surprise….

Figure 15: nk for MMT model with � = �1/3 vs. !F /!+ at weak nonlinearity (H2/H < 0.1).

The setup is the same as that of Figure 7 and the experiment marked with thicker black line is the

same as the one marked with the same style in Figure 14.
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0.02

0.04

0.06

Figure 16: Direct cascade slope with regard to !�/!F , !F /!+, and H2/H, for the � = �1/3

experiments, similar to Figure 9. Only Small H2/H results are shown. The ZK value is z ⇡ 0.77

and the measured r-values are close to the 1/3 from kinetic theory.
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Figure 15: nk for MMT model with � = �1/3 vs. !F /!+ at weak nonlinearity (H2/H < 0.1).

The setup is the same as that of Figure 7 and the experiment marked with thicker black line is the

same as the one marked with the same style in Figure 14.
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Figure 16: Direct cascade slope with regard to !�/!F , !F /!+, and H2/H, for the � = �1/3

experiments, similar to Figure 9. Only Small H2/H results are shown. The ZK value is z ⇡ 0.77

and the measured r-values are close to the 1/3 from kinetic theory.
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New `breakthrough’ turbulent state 

Appears at high wave amplitude

β = −
1
3

0

0.2
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Figure 13: Direct cascade slope vs. !�/!F , !F /!+, and H2/H for the � = 1/3 experiments, similar

to Figure 9.

Figure 14: nk for MMT model with � = �1/3 vs. H2/H, showing a new highly nonlinear “break-

through” behaviour and concomitant pile up of energy at high wavenumbers. The set-up is the

same as that of Figure 6 and the experiment marked with thicker black line is the same as the one

marked with the same style in Figure 15.
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New turbulent regime outside weak wave theory…



Frequency bandwidth matters..

!F /!+ goes to zero. The final set of experiments, which is illustrated in Figure 9, compares runs

across a wide range of both the frequency ratios and the nonlinearity parameter H2/H. We see that

both !�/!F and H2/H influence the direct cascade slope, but as !F /!+ tends to zero, the slope

invariably tends to the ZK value z = 1. In these plots we also show the diagnosed r value using the

method in Section 4.3. Interestingly, this diagnosed r value is quite stable across runs, hovering

around r ⇡ 0.4. There is no clear convergence to r = 1/3, even though that value is expected to go

hand-in-hand with the limiting value z = 1 from the kinetic theory based on four-wave resonances.

We can synthesize our numerical results into the reasonably accurate empirical formula

nk = CP 0.4k�p with p ⇡ 1 +
!F

!+

✓
1.5 + 2

!�
!F

+ 0.7
H2

H

◆
. (48)

To first order in the small parameters p � 1 is proportional to !F /!+. A theoretical explanation

for this formula is presently lacking.

6 Simulations with nonzero �

Our simulations so far established a number of facts for the � = 0 MMT model: the spectral power

law exponent in the direct cascade di↵ered from the ZK limit by a significant amount proportional

to !F /!+, the impact of the other frequency ratio !�/!F was much weaker, and the nonlinearity

parameter H2/H also had a weak impact and induced no systematic trend even at fairly high

nonlinearity levels. A major question is now whether these facts carry over to other systems, thus

allowing us to make testable a priori predictions in new situations.

Within the MMT model we can explore this by running an additional suite of simulations with

� = ±1/3, keeping ↵ = 1/2 fixed. Making the scale-selective nonlinearity parameter nonzero is

certainly a substantial change in the model. The � parameter a↵ects the scale-dependence of the

nonlinear term such that � > 0 strengthens the nonlinearity at high wavenumbers and vice versa

for � < 0. The ZK slopes for the direct cascade are

z =
11

9
⇡ 1.22 and z =

7

9
⇡ 0.77 (49)

for � = 1/3 and � = �1/3, respectively. It turns out that the simulations follow our predictions

22

Empirical law for slope discrepancy in beta = 0 case:

Linear in inertial range frequency ratio to very good approximation.    Short inverse range 
makes discrepancy worse, as does increased nonlinearity 

Relevant measure of inertial range width is the frequency ratio, not the wavenumber ratio!

MMT/surface waves
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ω+
≫

kF

k+
Hard

NLS
ω = k2

ωF

ω+
≪

kF

k+
Easy

Internal waves
ω = k/m
ωF

ω+
= ??

Unclear…

KE dynamics is at work (r-value close to 1/3), but slopes are frustrated by boundary effects
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Example: linear Boussinesq equations in 3d with constant f and N

ut + fbz ⇥ u+rP = bbz bt +N2w = 0 r ·u = 0

Undulating material stratification surfaces 
(isentropes/isopycnals)
surfaces are flat at rest

!2 =
k2hN

2 +m2f2

k2h +m2

w / exp(i[kx+ ly +mz � !t])

f2  !2  N2

1010 O. Bühler, J. Callies and R. Ferrari

fluid set-up, which is a three-dimensional Boussinesq model with constant Coriolis
parameter f and buoyancy frequency N. In § 3, the method is applied to ship-based
measurements of the upper ocean velocity field from two field experiments, one in
the eastern subtropical North Pacific and one in the western North Atlantic. Despite
noisy data and restrictive assumptions, in both cases the separation of submesoscale
geostrophic motions from inertia–gravity waves appears to be fully successful.

2. Helmholtz decomposition and wave diagnostics
We begin by assembling some generic facts about one-dimensional velocity spectra

that are derived from a two-dimensional horizontal flow with homogeneous and
isotropic statistics. For horizontally non-divergent flows this is a subset of well-known
results from homogeneous turbulence theory, but for inertia–gravity waves we need
to accommodate horizontal velocity fields that have both rotational and divergent
components, which is a less studied case.

2.1. Helmholtz decomposition of one-dimensional spectra
Let u and v be horizontal velocity components defined in the xy-plane with x aligned
with the ship track, so u is the along-track ‘longitudinal’ component and v is the
across-track ‘transverse’ component. The time t and depth z are considered fixed
during the measurement, so we may ignore these coordinates at this stage. If the flow
is purely rotational, i.e. horizontally non-divergent, then (u, v) derive from a stream
function �(x, y) in the standard way:

ux + vy = 0 ⇥ u = ��y and v = +�x. (2.1a,b)

Let � be a homogeneous and isotropic zero-mean random function such that

E[�] = 0 and C�(x, y) =E[�(x0, y0)�(x0 + x, y0 + y)] = F(r) (2.2a,b)

where r =
⇥

x2 + y2 and E denotes taking the expected value. The function F(r) is the
covariance of the stream function, which is a function of horizontal distance r > 0
in the two-dimensional plane and encapsulates all the statistical knowledge that is
available for the random velocity field. The power spectrum Ĉ�(k, l) is the Fourier
transform of C�(x, y), i.e.

Ĉ�(k, l) =
� ⇤

�⇤

� ⇤

�⇤
C�(x, y)e�i(kx+ly) dxdy = 2p

� ⇤

0
J0(khr)F(r) rdr = F̂(kh) (2.3)

where kh =
⌅

k2 + l2. The corresponding velocity spectra follow from (2.1a,b) as

Ĉu(k, l) = l2 Ĉ�(k, l) = l2 F̂(kh) and Ĉv(k, l) = k2 Ĉ�(k, l) = k2 F̂(kh). (2.4a,b)

These are clearly not isotropic even though Ĉ� is. For completeness, the cross-
spectrum is given by

Ĉuv(k, l) = �kl Ĉ�(k, l) = �kl F̂(kh). (2.5)

Now, along the ship track y = 0 and r = x, so the relevant one-dimensional covariance
functions are given by C�(x, 0) = F(x), for example. For the power spectra this
corresponds to integrating over the transverse wavenumber l:

Ĉ�(k) = 1
2p

� ⇤

�⇤
Ĉ�(k, l) dl = 1

2p

� ⇤

�⇤
F̂(kh) dl. (2.6)

Waves are fast

Rotating and stratified flow fast, nonzero frequency branch

LF Richardson’s failed 
1926 forecast…..

(Caroline Muller thesis 2008)



Example: linear Boussinesq equations in 3d with constant f and N

ut + fbz ⇥ u+rP = bbz bt +N2w = 0 r ·u = 0

Vortical mode branch is steady and in hydrostatic 
and geostrophic balance 

�fv + Px = 0

+fu+ Py = 0

Pz = b

N2w = 0

}
Geostrophic stream function
Horizontally non-divergent 

 = P/f

v =  x u = � y b = f z

Slow nonlinear evolution of vortical mode dominates 
large-scale dynamics in atmosphere and ocean—-enabled 
first successful weather forecasts

slow vortices
slow, zero frequency branch

J Charney 1947 QG 
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A numerical simulation supporting wave mean flow interaction

Barkan, Winters, McWilliams 2017

Need both eddy and wave sources to 
produce GM spectrum in this model.
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motions are dominated by almost linear IGWs. The prediction of a k!2 spectrum lends
support to this hypothesis by identifying a robust mechanism – di!usion by turbulence
– that produces a spectrum consistent with observations (see §4). As for the initial-value
predictions, they provide estimates for the time scale of the scale cascade of the IGWs
that leads ultimately to their dissipation.

2. Di!usion in wavenumber space

We consider the dynamics of IGWs propagating in a turbulent vortical flow of much
larger spatial scale so that the WKB approximation applies. The distribution of wave
energy in the (x,k) phase space is then governed by the conservation

!ta+!k" ·!xa"!x" ·!ka = 0 (2.1)

of the action density a(x,k, t). Here " = # + U · k is the frequency, which sums the
intrinsic frequency

# =
!

f2 cos2 $ +N2 sin2 $, (2.2)

where f < N are the Coriolis and buoyancy frequencies and $ is the angle between the
wavevector k and the vertical, and the Doppler shift U · k, where U = U(x, t) is the
vortical flow velocity. Assuming that the flow is (i) weak enough that # # U · k, (ii)
evolving on a time scale much longer than #!1, and (iii) well modelled by a homogeneous
and stationary random field, we can approximate (2.1) by

!ta+ c ·!xa = !k · (D ·!ka) , (2.3)

where c = !k# is the intrinsic group velocity and D a k-dependent di!usivity tensor (see
Appendix A for a derivation). The right-hand side of (2.3) captures the scattering of wave
action that results from small-but-sustained random Doppler shifting by the flow; in the
regime considered, this naturally leads to di!usion in k-space. In Cartesian coordinates,
the di!usivity tensor takes the form

Dij(k) = "
1

2
kmkn

"

"

!"

!2%mn

!xi!xj
(c(k)s) ds, (2.4)

where %mn(x) = $Um(y + x)Un(y)% is the velocity correlation tensor, with $·% denot-
ing ensemble average, and summation over repeated indices is implied. An analogous
expression was obtained by McComas & Bretherton (1977) in the context of wave–wave
interactions in the induced-di!usion regime (see Müller et al. 1986, §5, for a review).
Müller & Olbers (1975) and Müller (1976, 1977) discussed a flow-induced di!usivity that
di!ers from (2.4) to account heuristically for wave–wave interactions and dissipation.
A key property of (2.4) is that D(k) · c(k) = 0 since

Dij(k) · cj(k) = "
1

2
kmkn

"

"

!"

d

ds

#

!%mn

!xi
(c(k)s)

$

ds = 0. (2.5)

Thus there is no di!usion in the direction of the group velocity c. Since c is perpendicular
to constant-frequency surfaces, for the IGW dispersion relation (2.2) di!usion is restricted
to the cones $ = const, see Fig. 1. This is because di!usion in k-space stems from
resonant-triad interactions between two IGWs and one vortical mode (also termed
balanced mode) associated with the flow. The flow is treated as a zero-frequency mode
because it evolves slowly compared with #!1, so the resonance condition implies that the
interacting IGWs have the same frequency. The restriction to a single frequency means

Diffusive closure for spectral 
wave action dynamics caused by 
refraction due to weak mean 
flow.

Wave-vortex interaction with the 
zero-frequency balanced mode

Their result: wave action 
spreads along constant frequency 
cone.
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Di!usion of inertia-gravity waves by
geostrophic turbulence

Hossein A. Kafiabad, Miles A. C. Savva and Jacques Vanneste

School of Mathematics and Maxwell Institute for Mathematical Sciences,
University of Edinburgh, Edinburgh EH9 3FD, UK

(Received xx; revised xx; accepted xx)

The scattering of inertia-gravity waves by large-scale geostrophic turbulence in a rapidly
rotating, strongly stratified fluid leads to the di!usion of wave energy on the constant-
frequency cone in wavenumber space. We derive the corresponding di!usion equation
and relate its di!usivity to the wave characteristics and the energy spectrum of the
turbulent flow. We check the predictions of this equation against numerical simulations
of the three-dimensional Boussinesq equations in initial-value and forced scenarios with
horizontally isotropic wave and flow fields. In the forced case, wavenumber di!usion
results in a k!2 wave energy spectrum consistent with as-yet-unexplained features of
observed atmospheric and oceanic spectra.

1. Introduction

The dynamics of rotating stratified fluids, most notably the atmosphere and ocean,
is characterised by the coexistence of vortical flow and inertia-gravity waves (IGWs).
These evolve independently at a linear level but interact to an increasing degree as flow
strength and wave amplitude increase. In the weakly nonlinear regime, corresponding to
small Rossby and/or Froude numbers, the vortical flow has a ‘catalytic’ role, enabling the
scattering of energy between IGWs through resonant triad interactions while remaining
una!ected (Lelong & Riley 1991; Bartello 1995; Ward & Dewar 2010). The qualitative
impact of this catalytic interaction has been considered: an isotropic turbulent flow causes
the isotropisation of the IGW field (Lelong & Riley 1991; Savva & Vanneste 2018) and
a cascade of wave energy to small scales (Bartello 1995; Waite & Bartello 2006a).
Here we provide a quantitative description by deriving a simplified model for the

dynamics of IGWs in a low-Rossby-number, homogeneous and horizontally isotropic
turbulent flow in geostrophic balance. The derivation (in §2) assumes linear IGWs with
small spatial scales relative to the flow. It yields a di!usion equation that captures the
spreading of IGWs in wavenumber space or, more precisely, on a cone in this space
corresponding to fixed-frequency IGWs. The di!usivity components associated with
radial and angular di!usion on the cone are obtained in closed forms involving the IGW
parameters and the energy spectrum of the geostrophic flow. Early versions were proposed
by Müller & Olbers (1975) and Müller (1976, 1977).
We solve the di!usion equation for an initial-value problem (§3) and a steady forced

problem (§4), assuming horizontally isotropic IGW fields, and we test the results against
numerical simulations of the three-dimensional Boussinesq equations, finding good agree-
ment in both cases. With forcing, the di!usion equation predicts a constant-flux, steady
energy spectrum scaling with wavenumber as k!2 which is realised numerically.
Our results are relevant to important open questions about the nature of submesoscale

motion in the ocean and mesoscale motion in the atmosphere. Recent data analyses
by Bühler et al. (2014) and Callies et al. (2014, 2016) led them to hypothesise these

JFM 2019.
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FIGURE 1. (a) IGW energy density e(k) in k-space at t = 389f
�1 for the initial-value

simulation of § 3 with ! = 3f and Ro = 0.057. Red represents the wave modes with
e(k)/emax > 0.1 (emax the maximum energy density), orange represents 0.01 < e(k)/emax <
0.1, and blue represents 0.03 < e(k)/emax < 0.01. (b) Projection of e(k) onto the
(kh, kv)-plane. The constant-frequency cone defined by (2.2) is indicated by grey stripes
on the left and dashed lines on the right.

where ⇧mn(x) = hUm(y + x)Un(y)i is the velocity correlation tensor, with h·i denoting
ensemble average, and summation over repeated indices is implied. An analogous
expression was obtained by McComas & Bretherton (1977) in the context of
wave–wave interactions in the induced-diffusion regime (see Müller et al. 1986,
§ 5, for a review). Müller & Olbers (1975) and Müller (1976, 1977) discussed a
flow-induced diffusivity that differs from (2.4) to account heuristically for wave–wave
interactions and dissipation.

A key property of (2.4) is that D(k) · c(k) = 0 since

Dij(k) · cj(k) = �
1
2

kmkn

Z
1

�1

d
ds

✓
@⇧mn

@xi

(c(k)s)

◆
ds = 0. (2.5)

Thus there is no diffusion in the direction of the group velocity c. Since c is
perpendicular to constant-frequency surfaces, for the IGW dispersion relation (2.2)
diffusion is restricted to the cones ✓ = const. (see figure 1). This is because diffusion
in k-space stems from resonant-triad interactions between two IGWs and one vortical
mode (also termed balanced mode) associated with the flow. The flow is treated as a
zero-frequency mode because it evolves slowly compared with !�1, so the resonance
condition implies that the interacting IGWs have the same frequency. The restriction
to a single frequency means that wave action and wave energy only differ by a
constant multiple and can be identified with one another.

We particularise (2.4) to IGWs and geostrophic flows using the dispersion relation
(2.2) and the geostrophic balance satisfied by the velocity in ⇧mn. It is natural to use
spherical polar coordinates (k, �, ✓) in k-space and a Fourier counterpart to ⇧mn in
the form of the vortical flow kinetic-energy spectrum E(Kh, Kv), which we assume
to be horizontally isotropic so that it only depends on the horizontal and vertical
wavenumbers Kh and Kv (for clarity we systematically use lowercase symbols for
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Figure 3. (a) Evolution of ln[!r(t
⇤)/!r(0)] for initial intrinsic frequency !r(0) = 10f ;

(b) Dependence of ln[!r(t
⇤)/!r(0)] at t

⇤ = 80 on ↵
⇤ for !r(0) = 10f ; (c) Evolution

of ln[!r(t
⇤)/!r(0)] for di↵erent !r(0). The black dashed line in (b) denotes the value ofp

E⇣2/(K1
p
gH) where ⇣ = Vx � Uy is the vorticity of the background velocity field.

action density on each ray is the same. As discussed in section § 3, !r increases with time157

approximately exponentially for large k or high frequency limit, which holds initially for158

all the rays and continues to hold for those rays not di↵used to small k. For ↵⇤ 6= 0,159

the quantity ln[!r(t⇤)/!r(0)] grows approximately linearly. We use ln[!r(t⇤)/!r(0))] at160

t = 80⇤ as a measure of radial di↵usivity for di↵erent ↵⇤. Figure 3(b) shows that, among161

the simulations performed, radial di↵usivity is largest for ↵⇤ = 1. As predicted by the162

theory and demonstrated by figure 2, radial di↵usivity is small when ↵⇤ is too large or163

small. Of course, in reality the time scale of the background flow is determined by the164

flow itself. If we match ↵ to the eddy turnover time
p
E(Vx � Uy)2 then we find that this165

puts us into the regime ↵⇤ = O(1), making significant frequency di↵usion likely.166

Figure 3 (c) shows the dependence of ln[!r(t⇤)/!r(0))] on initial intrinsic frequency.167

Overall, !r increases faster for higher initial wave frequency. For !r(0) = 10f and !r(0) =168

3.3f , initially the large k limit holds and their ln[!r(t⇤)/!r(0))] are expected to increase169

at the same rate. However, this is true for only a short period of time and soon !r170

increases faster for !r(0) = 10f , probably because a smaller fraction of rays di↵use to171

small k and violate the large k limit. The result for near inertial waves with !r(0) = 1.1f172

is also presented here. Although near inertial waves (NIWs) modulated by geostrophic173

flows do not satisfy the WKB approximation due to its large horizontal scale, Kunze174

(1985) and Young & Jelloul (1997) found that wavevectors of NIWs do obey a ray tracing175

formula that contains the refraction term by the background flow in equation (4.1). For176

!r(0) = 1.1f , !r also increases with time, despite the questionable validity of the large-k177

limit and the weak current approximation. In fact, initially
p

E|U |2 = 0.34|c| and ! ⇡ !r178

does not hold. In this case, conservation of absolute frequency does not prevent intrinsic179

frequency from shifting to higher frequency even for steady mean flow. Therefore, there180

is no reason to expect !r not to change.181

5. Conclusions182

We have considered wave action di↵usion in spectral space induced by a time-dependent183

mean flow under the WKB approximation, with the assumption that the background184

mean flow is weak compared to the intrinsic group velocity of the waves. In addition to the185

previously found wave action di↵usion along constant frequency surfaces in wavenumber186

space, we find that for time-dependent flows di↵usion also occurs across such surfaces,187

which is the main finding of this paper. This implies wave action can be di↵used from188

low frequency to high frequency, with a concomitant increase in wave energy.189
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Doppler-shifting
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by weak unsteady currents

Growth in intrinsic wave 
frequency implies growth 
in wave energy (by 
action conservation)
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energy to the waves all 
the time…
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The production of broadband frequency spectra from narrowband wave forcing in geo-6

physical flows remains an open problem. Here we consider a related theoretical problem7

that points to the role of time-dependent vortical flow in producing this e↵ect. Specifically,8

we apply multi-scale analysis to the transport equation of wave action density in a9

homogeneous stationary random background flow under the Wentzel–Kramers–Brillouin10

(WKB) approximation. We find that when some time-dependence in the mean flow is11

retained, wave action density di↵uses both along and across surfaces of constant frequency12

in wavenumber-frequency space; this stands in contrast to previous results showing that13

di↵usion occurs only along constant-frequency surfaces when the mean flow is steady.14

A self-similar random background velocity field is used to show that the magnitude of15

this frequency di↵usion depends non-monotonically on the time scale of variation of the16

velocity field. Numerical solutions of the ray tracing equations for rotating shallow water17

illustrate and confirm our theoretical predictions.18

Key words: Keywords chosen during the online submission process; added during19

the typesetting process (see http://journals.cambridge.org/data/relatedlink/jfm-20

keywords.pdf for the full list)21

1. Introduction22

Atmospheric winds and storms inject energy to large-scale oceanic geostrophic flows23

and near inertial waves. It has long been known that wave-wave interactions can transfer24

energy from large scales to small scales (McComas & Bretherton 1977) where waves break25

causing diapycnal mixing (Sun & Kunze 1999; Polzin & Lvov 2017). Moreover, Lelong &26

Riley (1991) have shown that geostrophic modes can act as a catalyst in moving energy27

amongst inertia-gravity waves of the same frequency, transferring wave energy from large28

scales to small. The catalyzing e↵ect in transferring energy of waves with the same29

frequency was also found in the rotating shallow water system by Ward & Dewar (2010),30

but in this two-dimensional space, the frequency constraint prevents redistribution of31

energy among waves of di↵erent length scales. Similarly, Savva & Vanneste (2018) found32

that a random barotropic quasigeostrophic flow can redistribute energy amongst internal33

tides of the same vertical structure and frequency. Understanding the formation of34

small scale waves through nonlinear wave-wave interaction or wave-vortex interactions35

is not only of fundamental interest, but also provides a means by which to estimate the36

turbulence production rate (or mixing e�ciency), since inertial-gravity wave breaking is37

a major source of diapycnal mixing in the ocean (MacKinnon et al. 2017).38

† Email address for correspondence: wd583@nyu.edu
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Figure 1. (a) A snapshot of a realization of the streamfunction. (b) Trajectories of rays in
physical space for ↵⇤ = 1 and !r(0) = 10f , where the black square has length L.
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Figure 2. Ray trajectories in spectral space for ↵⇤ = 0, 0.1, 1, 10 with !r(0) = 10f .

earlier, the wavenumber spectrum of the streamfunction decreases su�ciently fast so132

that  is dominated by large scale features. Panel (b) shows trajectories of all the rays133

in physical space for a simulation with ↵⇤ = 1, where the black box shows the size of the134

periodic domain for realizing the velocity field. Rays have travelled far away from their135

initial locations at the end of the simulation. Figure 2(c) shows the trajectories of rays136

in spectral space for this simulation. The rays not only spread outside of the initial ring137

(which shows the initial locations of rays in spectral space), but also spread inside of the138

ring, just like di↵usion of a passive tracer.139

The four panels of figure 2 show the ray trajectories in wavenumber space for sim-140

ulations with ↵⇤ ranging from 0 to 10. For these runs, the initial k is large enough so141

that the intrinsic group velocity is well approximated by
p
gH. Panel (a), with ↵⇤ = 0,142

shows that when the velocity field is steady, radial di↵usion is very limited and rays are143

confined to a narrow annulus about the initial ring. This is expected, since d!/dt = 0144

for steady flows and ! ⇡ !r under the weak current approximation, so deviations of the145

intrinsic frequency from its initial value are uniformly bounded in time by the Froude146

number. When ↵⇤ increases from 0 to 1, rays spread faster and further away from their147

initial locations, indicating stronger radial di↵usion. When ↵⇤ increases further to 10,148

spreading in spectral space slows down, and radial di↵usion becomes weaker compared149

to the case with ↵⇤ = 1. Thus, figure 2 qualitatively verifies the theoretical predictions150

that frequency di↵usion is very weak when the time scale of the velocity field is too151

large or too small. In addition, the simulations show that frequency di↵usion achieves a152

maximum for timescales ↵⇤ ⇠ O(1).153

Figure 3 (a) shows the evolution of the intrinsic frequency averaged over all the rays154

for a short time window. The averaged intrinsic frequency, !r, is proportional to the155

integration of intrinsic frequency over the spectral and physical domain if we assume the156
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Extended this work to 

3d Boussinesq system


Which led to a surprise even for steady flows 

Despite the robust emergence of this power law spectrum in our simulations it is important to78

note at the outset some limitations of our simplistic set-up. For example, the functioning of the79

wave capture effect requires a three-dimensional balanced mean flow, hence the effect is absent if80

the mean flow is barotropic, as then the wave dynamics resembles that of shallow water waves (e.g.81

Rocha et al. 2018). Also, our mean flows are symmetric with respect to cyclonic and anti-cyclonic82

vorticity, which limits their nonlinear validity and in particular cannot address features such as83

frontogenesis that are known to modify the wave dynamics significantly (e.g. Thomas 2012). These84

remain topics for future research.85

The plan of the paper is as follows: the ray tracing equations and details of the background flows86

and initial conditions are presented in section 2. The results of an initial ray tracing simulation87

through a simulated QG flow snapshot, as well as a synthetic flow constructed from he simulated88

flow, are discussed in section 3. Results for steady and unsteady synthetic turbulent flows are given89

in sections 4 and 5, a stochastic strain-shear model is provided in section 6, and comparison with a90

previous study is discussed in section 7. Conclusions and comments are provided in section 8 and91

the Appendix provides the numerical details of our ray tracing simulations.92

2. Ray tracing simulations93
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Ray tracing in 3d with mean flow U=(U,V,0)

bottom drag, and the Coriolis gradient V = 0. The buoyancy disturbance is zero at the top and156

bottom boundaries, and therefore mk/mI = 0 there.157

The flow used in the ray tracing simulations is subsampled to a horizontal grid size =G = =H = 128158

and interpolated to a vertical grid size =I = 100. Wave packets are reflected when they hit the159

vertical boundaries by reversing the sign of the vertical wave number <. A snapshot of the vertical160

vorticity during steady-state at I = ��/2 is shown in the left panel of Figure 1.161

We construct a synthetic stream function kA as follows. First, the gridded QG stream function k162

is rewritten as a (truncated) sum of vertical modes via163
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⌘
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Here (̂) denotes the two-dimensional Fourier coefficients in the horizontal domain [0, !] ⇥ [0, !]164

and, following the notation of Dong et al. (2020), (@G ,@H) denotes the horizontal wavenumber165

vector of the mean flow (the unusual symbol is used to distinguish the wavenumbers of the mean166

flow from those of the waves). Then, the synthetic stream functionkA is constructed by randomizing167

the phase of the horizontal Fourier components of k= (G, H), i.e.,168
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The phase \ (@G ,@H,=) for each mode is chosen randomly subject only to the reality condition171

\ (@G ,@H,=) = �\ (�@G ,�@H,=). This procedure preserves the amplitude of each mode and therefore172

also rms values such as Ro = 0.1. Figure 1 shows the vorticity at I = ��/2 for the two flows,173

which are of course markedly different (e.g. Armi and Flament 1985). Nonetheless, the ray tracing174

results for both flows turned out to be nearly identical. There is no obvious explanation for this175

near-identical behaviour, but this of course simplifies our simulation task.176

a. The energy spectrum for intrinsic frequency177

For steady flows the absolute frequency is conserved along rays by (1), i.e., dl0/dC = 0. We use178

this conservation law as a criterion for measuring the accuracy of the numerical results, e.g., in the179
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Random stream function for U=(U,V,0)



Does randomness matter?

F��. 1. Normalized vorticity Z/ 5 at I = ��/2 for a QG flow and a synthetic flow with randomized phases.

The flows look markedly different but lead to near-identical ray tracing results.
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170

present section the maximum error of the absolute frequency relative to l0 is less than 10% for180

both the QG flow and the synthetic flow.181

Unlike absolute frequency, there is no constraint that prevents intrinsic frequency from drifting.182

This can been seen from the evolving distribution of wave packets in frequency space. We construct183

an energy spectrum 4(l) of wave packets as a function of frequency by assuming that each wave184

packet carries the same amount of wave action, which mean that 4(l) is the product of the intrinsic185

frequency and the probability density function of the wave packets as a function of frequency.186

Figure 2 (a) shows the time evolution of the spectrum for the QG flow, starting with a single peak at187

l = 2 5 at C = 0. From there the spectrum spreads through the entire available frequency band and188

gradually evolves to a seemingly stationary spectrum. The initial spreading across the frequency189

band is quite quick (e.g., 5 C ⇡ 10 corresponds to one day at mid-latitudes, so this occurs in the span190

of a couple of weeks) whilst convergence towards the stationary state takes longer (about a couple191

of months). Very similar results were obtained for the synthetic flow.192

We then ran the simulations for a very long time to check that the emerging spectra were indeed196

stationary and the results for both flows are compared in panel (b), which shows that the stationary197

spectra in the QG flow and synthetic flow agree for most frequency values, with discrepancies198

confined to the ends of the frequency band. The spectrum between 2 5 and 40 5 can be fitted quite199

well by a power law 4(l) / l
�1.200
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Robust numerical result
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F��. 2. (a) Evolution of energy spectrum of wave packets in the QG flow of Ro = 0.1. (b) energy spectra for

the QG flow and the synthetic flow of Ro = 0.1. The energy spectrum of the QG flow for l 2 [2 5 ,40 5 ] is fitted

by a power law with slope �1.02 in this plot.
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Of course, the emergence of a stationary frequency spectrum for the internal waves does not201

imply a stationary wavenumber spectrum. Indeed, the wavenumber magnitude along rays grows202

on average, and no stationary wavenumber regime can be reached unless forcing and dissipation203

terms were to be added to the dynamics.204

b. Eigenvector theory for the frequency spectrum205

We use some elements of the wave capture theory of Bühler and McIntyre (2005) to provide206

an approximate theory for the observed frequency spectrum. Wave capture theory is based on207

the (partial) analogy between the evolution of the wavenumber vector k(C) and of the gradient of208

a passively advected scalar, which suggests the possibility of exponential growth of k(C) along209

three-dimensional eigenvectors of the matrix �rGU. This can be made precise if one ignores the210

time evolution of rGU along the ray, as then the ODE for k(C) in (1) has constant coefficients and211

is readily solved (see details in Bühler and McIntyre 2005, for example).212

Specifically, for U = (*,+ ,0) with *G ++H = 0 the eigenvalues of �rGU are _ = 0 and _ = ±
p
⇡213

where214

⇡ =*
2
G
++G*H (6)

is the Okubo–Weiss parameter. If ⇡ < 0 then the nonzero eigenvalues are imaginary and there is215

no exponential growth. But if ⇡ > 0 then there exists a positive eigenvalue and the corresponding216
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Starting with single intrinsic frequency indicated by blue dot


Spontaneous emergence of broadband steady frequency spectrum! 


Very not Las Vegas..



What is going on?

Simplest theory based on wave `capturing’ mechanism explored in Bühler & McIntyre 2005
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F��. 7. Stationary energy spectra in unsteady synthetic flows and energy spectrum obtained using eigenvector

analysis.

301

302

developed to study passive tracer advection in the atmosphere. The connection between HA97 and319

ray tracing was discussed qualitatively in Bühler and McIntyre (2005) and it arises because of the320

aforementioned analogy between the evolution of the wavenumber vector and of the gradient of a321

passive tracer. In particular, in the present situation both evolve by the wavenumber part of the ray322

tracing equations (1), i.e.,323
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¨
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´
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and
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dC

= �*I: �+I; . (10)

Notably, the horizontal components (: , ;) evolve independently of the vertical component <, which324

can be solved for subsequently. In HA97 the time derivative is taken along material trajectories,325

so there is no group velocity. HA97 proposed a stochastic trajectory model for studying (10), in326

which the velocity gradient components were approximated by independent Ornstein–Uhlenbeck327

processes. They also restricted to perfect horizontal straining fields such that *G ++H = 0 and328

+G = *H. (The latter is not possible with a doubly periodic QG flow, where the vertical curl is329

necessarily nonzero.) Hence two independent processes 0(C) = �*G = +H and 1(C) = �+G = �*H330

were sufficient to model the evolution of (: , ;). For this strain-only model the Okubo–Weiss331

parameter ⇡ = 0
2 + 12 is always positive so there is always a growing eigenvector with growth rate332

p
⇡ =

p
0

2 + 12. The vertical shear components (*I,+I) were similarly modelled by independent333
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Mean flow refraction rotates wavenumber vector 
towards a growing eigenmode, stretches it, and thereby 
reduces its group velocity (IGW peculiarity)


Emergent wave frequency is determined by aspect ratio 
of growing eigenmode, which has a statistical 
distribution 

We construct a theoretical energy spectrum using the gridded �rxU field by the following236

algorithm. For each gridpoint, we compute ⇡, and ignore the point if ⇡ < 0. If ⇡ > 0 we compute237

the eigenvector (a wavevector k) associated with _ = +
p
⇡ and use this vector in the dispersion238

relation (2) to find the corresponding frequency l. This produces a probability distribution of l,239

and we assume that the wave action spectrum is proportional to this l distribution, with a suitable240

normalization constant such that the total wave action is conserved. Finally, the action spectrum241

is converted into an energy spectrum by multiplying it with l to produce 4(l). Notably, this242

theoretical spectrum conserves total wave action but not total wave energy, which can be modified243

via interactions with the mean flow. Also, the prediction for the theoretical spectrum is independent244

of the overall amplitude of the mean flow, which affects only the magnitude of ⇡ but not its sign,245

or the direction of the associated eigenvectors.246

Figure 4 compares the theoretical and observed spectra obtained for the QG and synthetic flows,249

which shows a good fit over a broad frequency range, although the amplitude of the theoretical250

spectra is higher than the observed amplitude for most frequency values. We show in section 5 that251

the fit between the theoretical and numerical spectra is significantly improved if the mean flow is252

allowed to be time-dependent.
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F��. 4. Frequency spectra obtained by using the growing eigenvector method compared to numerical results

from ray tracing simulations.
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Works numerically, but more can be said…
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ABSTRACT

Reduction in the vertical scale of atmospheric tracer fields occurs as a result of quasi-horizontal stirring by
the large-scale flow, provided that the flow varies in the vertical. This scale reduction and the implications for
dissipation and mixing are here analyzed using simple mathematical models. The first is based on a steady linear
flow and gives simple insight into the interaction between horizontal strain, vertical shear, and diffusion. The
second is a simple random-straining model, with random vertical shear being added to a horizontal random
strain field. Analytical progress is possible in the limit where the correlation time for the flow is small or large
compared to the inverse strain itself. Numerical integration allows investigation of the intermediate case. In all
cases the vertical scale decreases exponentially fast, at the same rate as the horizontal scale, with the rate, say
S, being controlled by the statistics of the horizontal strain field. As this exponential decrease occurs, the horizontal
and vertical scales remain in a characteristic ratio, say a, which depends on the statistics of the vertical shear
and on S.
The third model is based on integration of the differential equation for the wavenumber vector associated

with a tracer distribution along a parcel trajectory using velocity fields calculated from large-scale observations
of the lower stratosphere. These calculations give S ; 0.3 days21 and a ; 250. The large value of a implies
that vertical contrasts in dynamical and tracer quantities are far more important than horizontal contrasts for
dissipative processes such as radiative transfer or diffusion. The results suggest that the ‘‘mix-down’’ time for
a tracer field initially varying on horizontal scales of 1000 km to be distorted to have vertical scales on which
molecular diffusion is important, that is, 5 meters or so, is about 20 days in the winter lower stratosphere.

1. Introduction
The effects on atmospheric tracer distributions of flu-

id dynamical stirring, particularly with regard to the
middle and lower stratosphere, are now widely appre-
ciated. The scale cascade in tracer distributions has long
been familiar in the context of two-dimensional tur-
bulence. More recent work, first in two-dimensional dy-
namical models including a qualitatively realistic sim-
ulation of the stratospheric flow (e.g., Juckes and
McIntyre 1987) and later using observed winds to sim-
ulate the evolution of tracer distributions by following

1The Centre for Atmospheric Science is a joint initiative of the
Department of Applied Mathematics and Theoretical Physics and the
Department of Chemistry.

Corresponding author address: Dr. Peter H. Haynes, Department
of Applied Mathematics and Theoretical Physics, Cambridge Uni-
versity, Silver Street, Cambridge, CB3 9EW, United Kingdom.
E-mail: phh@amtp.cam.ac.uk

large numbers of parcels (e.g., Fisher et al. 1993) or
using techniques such as contour advection (e.g., Waugh
and Plumb 1994; Norton 1994), demonstrated that such
a scale cascade occurs in the winter stratosphere. Con-
vincing agreement has been demonstrated between
small-scale features predicted by the latter calculations
and those seen in the high-resolution observations of
various chemical tracers that have become available as
a result of the airborne observational campaigns to study
stratospheric ozone depletion (e.g., Waugh et al. 1994).
There has also been important progress in constructing
a phenomenological picture of stirring by large-scale
atmospheric flows exploiting mathematical theories of
chaotic advection (Pierrehumbert and Yang 1993 and
references therein).
In all this there has been much interest in features

with small horizontal scale. However, as noted by Juckes
and McIntyre (1987), the natural aspect ratio of strat-
ospheric flows is such that features with small horizontal
scale are also likely to have small vertical scale. In the
absence of any further quantitative information, all that
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(What’s up with 1997?)

Stochastic trajectory model for the spreading of passive tracers in 
the stratosphere


Can be adapted to our case..


Model assumes U_x + V_y = 0 and pure strain, i.e.,  V_x = U_y.


U_x, U_y, U_Z, V_z then modelled by independent Ornstein-
Uhlenbeck processes in:
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passive tracer. In particular, in the present situation both evolve by the wavenumber part of the ray322

tracing equations (1), i.e.,323

d
dC

©≠
´
:

;

™Æ
¨
= �©≠

´
*G +G

*H +H

™Æ
¨
©≠
´
:

;

™Æ
¨

and
d<
dC

= �*I: �+I; . (10)

Notably, the horizontal components (: , ;) evolve independently of the vertical component <, which324

can be solved for subsequently. In HA97 the time derivative is taken along material trajectories,325

so there is no group velocity. HA97 proposed a stochastic trajectory model for studying (10), in326

which the velocity gradient components were approximated by independent Ornstein–Uhlenbeck327

processes. They also restricted to perfect horizontal straining fields such that *G ++H = 0 and328

+G = *H. (The latter is not possible with a doubly periodic QG flow, where the vertical curl is329

necessarily nonzero.) Hence two independent processes 0(C) = �*G = +H and 1(C) = �+G = �*H330

were sufficient to model the evolution of (: , ;). For this strain-only model the Okubo–Weiss331

parameter ⇡ = 0
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HA97 showed that these equations could be solved explicitly for the 
probability distribution of the aspect ratio m/k_h in some special 
cases, including the case of a slowly varying mean flow!


X =
|m |
kh

processes, but allowing for different parameters in their distribution compared to the horizontal334

components.335

HA97 showed that these equations can be solved explicitly in certain limits, including the limit of336

a slowly varying mean flow where (0,1) were effectively constant in time and drawn independently337

from a normal distribution with mean zero and variance W
2
⌘
. In this case (: , ;) are stretched along338

the growing eigenvector and eventually the horizontal wavenumber magnitude :⌘ becomes well339

approximated by :⌘ = �exp(
p
⇡C) for some � > 0. The long-term evolution of < then depends on340

the projection of the growing horizontal eigenvector onto the shear (*I,+I) such that §< = �:⌘*̃I,341

say. This implies that eventually < becomes well approximated by < =�(*̃I/
p
⇡)�exp(

p
⇡C) and342

therefore the aspect ratio converges to </:⌘ = �*̃I/
p
⇡. This ratio depends on the independent343

random variables (0,1,*̃I). The random direction of the horizontal eigenvector is independent344

of the shear and hence *̃I is equal in distribution to either *I or +I, which in HA97 were345

modelled as zero-mean normal distributions with variance W
2
E
� W

2
⌘
. Under these assumptions346

HA97 demonstrated that the distribution of the random aspect ratio - = |< |/:⌘ could be found347

explicitly, yielding the probability density function348

?- (G) =
U

2

(U2 + G2)3/2 , where U =
WE

W⌘

� 1 (11)

and U is also equal to the expected value of - = |< |/:⌘. Again, the mean flow aspect ratio U is349

imprinted on the wavenumber aspect ratio.350

We leverage this result to derive a corresponding probability density function for the frequency351

via the dispersion relation (2), which establishes a one-to-one link between l 2 [ 5 ,#] and - � 0352

as353

l(-) =
r

#
2 � 5

2

1+ -
2 + 5

2 and - (l) =
s

#
2 �l

2

l
2 � 5

2 . (12)

Conservation of probability implies ?(l)dl = ?- (G)dG and hence the probability density function354

for the frequency is355

?(l) = ?- (G(l))
���� dGdl

���� . (13)
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Ratio of vertical/horizontal shear

Can leverage this result for our wave refraction case  by a slowly 
evolving mean flow…



Analytic frequency spectrum

Explicit pdf for wave frequency with one adjustable parameter α
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2
⌘
. Under these assumptions346

HA97 demonstrated that the distribution of the random aspect ratio - = |< |/:⌘ could be found347

explicitly, yielding the probability density function348

?- (G) =
U

2

(U2 + G2)3/2 , where U =
WE

W⌘

� 1 (11)

and U is also equal to the expected value of - = |< |/:⌘. Again, the mean flow aspect ratio U is349

imprinted on the wavenumber aspect ratio.350

We leverage this result to derive a corresponding probability density function for the frequency351

via the dispersion relation (2), which establishes a one-to-one link between l 2 [ 5 ,#] and - � 0352

as353

l(-) =
r

#
2 � 5

2

1+ -
2 + 5

2 and - (l) =
s

#
2 �l

2

l
2 � 5

2 . (12)

Conservation of probability implies ?(l)dl = ?- (G)dG and hence the probability density function354

for the frequency is355

?(l) = ?- (G(l))
���� dGdl

���� . (13)
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Working out the details from (11-13) yields356

?(l) = #
2 � 5

2
p
#

2 �l
2

U
2
l

(#2 + (U2 �1)l2 �U
2
5

2)3/2 . (14)

The interpretation of (14) in the context of our ray tracing experiments is that the distribution of357

l over all rays starts with a delta-function at the common initial value and subsequently evolves358

towards this steady distribution. Hence, if we assume that all rays start with the same amount of359

conserved wave action, then in the long run the wave action spectrum will be proportional to ?(l)360

and so the energy spectrum will be proportional to 4(l) / l ?(l). Using this as well as #2 � 5
2

361

and U
2 � 1 we can simplify (14) to362

4(l) = �̄

#
2

p
#

2 �l
2

U
2
l

2

(#2 +U2(l2 � 5
2))3/2 , (15)

where �̄ is the expected value of 4(l)/l. This leads to testable predictions of the stochastic363

strain–shear model.364

a. Model spectrum and Burger number365

The model spectrum (15) depends on the mean flow aspect ratio parameter U� 1, or equivalently366

on the Burger number Bu = #
2/( 5 2

U
2). This can be made explicit by rewriting (15) in terms of367

Bu as368

4(l) = �̄

5 #p
#

2 �l
2

l
2pBu

(l2 + (Bu�1) 5 2)3/2 . (16)

For the Charney regime Bu = 1 this yields369

4(l) = �̄

5 #p
#

2 �l
2
l

, (17)

which exhibits a global l�1 power law modified by an integrable singularity as l ! # . This is370

consistent with our ray tracing results except that the observed amplification of the spectrum as371

l! 5 is missing. However, this amplification is recovered if Bu < 1 as then the denominator has372

a singularity at l/ 5 =
p

1�Bu > 0.373
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Bu=0.25, strain-shear model

Bu=1, strain-shear model

Bu=4, strain-shear model

Bu=16, strain-shear model

Bu=0.25, eigenvector

Bu=1, eigenvector

Bu=4, eigenvector

Bu=16, eigenvector

Bu=0.25, ray tracing

Bu=1, ray tracing

Bu=4, ray tracing

Bu=16, ray tracing

F��. 8. Energy spectra obtained using three methods: prediction (16) by the strain-shear model (dashed

lines); eigenvector analysis (solid lines); ray tracing simulations (dotted lines). The vertical dashed line is

l/ 5 =
p

2(Bu�1) where Bu = 16.

388

389

390

the frequency spreading we observe must occur on a longer time scale than that. In particular,404

the frequency spreading observed at some fixed Y
2
C must become weaker as Y decreases. Denote405

the initial value of Y by Y0. We tested this by identifying Y0 with the Rossby number Ro and406

performing a sequence of runs with decreasing Ro and plotting the results as a function of the407

slow time Ro2
5 C. In these runs 5 was kept fixed and Ro was varied by changing the amplitude of408

the mean flow. Using the specific definition of Y in Kafiabad et al. (2019) gives that in these runs409

initially Y0 = 3.12Ro, which means Y2
0 5 C is about ten times larger than Ro2

5 C.410

Figure 9 (a) shows initially Y = */|c| is less than 1 for all the cases and the weak refraction411

approximation is valid. However, this parameter grows instead of remaining small. Eventually, the412

weak refraction approximation breaks down and the multi-scale analysis in Kafiabad et al. (2019)413

no longer holds. Notably, Y starts growing at around Ro2
5 C = 0.1, which corresponds to Y

2
0 5 C ⇡ 1.414

Panel (b) shows the energy spectra at Ro2
5 C = 0.1 for the three runs and, consistent with wave415

diffusion theory, the spread of energy in frequency space becomes weaker as Ro decreases.416

We can conclude from this that our results describe the evolution that ensues after wave diffusion419

theory has ceased to be valid, which occurs at a time horizon that depends sensitively on the flow420
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Great robust theory, though doesn’t predict the GM 
frequency slope but something less steep: ω−1 e(ω) = ωp(ω)
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Di�usion of inertia-gravity waves
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FIGURE 1. (a) IGW energy density e(k) in k-space at t = 389f
�1 for the initial-value

simulation of § 3 with ! = 3f and Ro = 0.057. Red represents the wave modes with
e(k)/emax > 0.1 (emax the maximum energy density), orange represents 0.01 < e(k)/emax <
0.1, and blue represents 0.03 < e(k)/emax < 0.01. (b) Projection of e(k) onto the
(kh, kv)-plane. The constant-frequency cone defined by (2.2) is indicated by grey stripes
on the left and dashed lines on the right.

where ⇧mn(x) = hUm(y + x)Un(y)i is the velocity correlation tensor, with h·i denoting
ensemble average, and summation over repeated indices is implied. An analogous
expression was obtained by McComas & Bretherton (1977) in the context of
wave–wave interactions in the induced-diffusion regime (see Müller et al. 1986,
§ 5, for a review). Müller & Olbers (1975) and Müller (1976, 1977) discussed a
flow-induced diffusivity that differs from (2.4) to account heuristically for wave–wave
interactions and dissipation.

A key property of (2.4) is that D(k) · c(k) = 0 since

Dij(k) · cj(k) = �
1
2

kmkn

Z
1

�1

d
ds

✓
@⇧mn

@xi

(c(k)s)

◆
ds = 0. (2.5)

Thus there is no diffusion in the direction of the group velocity c. Since c is
perpendicular to constant-frequency surfaces, for the IGW dispersion relation (2.2)
diffusion is restricted to the cones ✓ = const. (see figure 1). This is because diffusion
in k-space stems from resonant-triad interactions between two IGWs and one vortical
mode (also termed balanced mode) associated with the flow. The flow is treated as a
zero-frequency mode because it evolves slowly compared with !�1, so the resonance
condition implies that the interacting IGWs have the same frequency. The restriction
to a single frequency means that wave action and wave energy only differ by a
constant multiple and can be identified with one another.

We particularise (2.4) to IGWs and geostrophic flows using the dispersion relation
(2.2) and the geostrophic balance satisfied by the velocity in ⇧mn. It is natural to use
spherical polar coordinates (k, �, ✓) in k-space and a Fourier counterpart to ⇧mn in
the form of the vortical flow kinetic-energy spectrum E(Kh, Kv), which we assume
to be horizontally isotropic so that it only depends on the horizontal and vertical
wavenumbers Kh and Kv (for clarity we systematically use lowercase symbols for
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Las Vegas dynamics: what happens 
on the constant-frequency cone 
stays on the constant frequency 
cone

Ray diffusion along cone in wavenumber space is valid for a period of 
time  proportional to 1/|U|^2 for weak flows (low Rossby number)

At later times strong refraction and wave capture take over, 
broadening the frequency spectrum

New York dynamics: if you can make it at one 
frequency you can make it at all frequencies

no longer holds. Notably, Y starts growing at around Ro2
5 C = 0.1, which corresponds to Y

2
0 5 C ⇡ 1.393

Panel (b) shows the energy spectra at Ro2
5 C = 0.1 for the three runs and, consistent with wave394

di�usion theory, the spread of energy in frequency space becomes weaker as Ro decreases.395

We can conclude from this that our results describe the evolution that ensues after wave di�usion398

theory has ceased to be valid, which occurs at a time horizon that depends sensitively on the flow399

amplitude. Our stationary frequency spectra were independent of this flow amplitude precisely400

because they were the ultimate end states of an evolution that is only briefly described by wave401

di�usion theory. In practice, one would have to consider the actual flow amplitudes and details to402

discern the precise upper limit of Ro2
5 C for which wave di�usion is the dominant mechanism; in403

our examples here Ro2
5 C ⇡ 0.1 seemed to be close to that limit.

10-2 10-1 100 101
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101(a)

100 101 102
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100

(b)

F��. 9. (a) Evolution of Y for synthetic Charney turbulent flows of di�erent Ro, and (b) energy spectra at

Ro2
5 C = 0.1. For the initial conditions used for these runs, Y0 = 3.12Ro.

396

397

404

8. Discussions405

We have conducted large scale ray tracing simulations of three-dimensional inertia-gravity waves406

in background flows generated both by direct numerical simulation of the QG equations, and407

synthetically. Using asymptotic analysis and numerical simulations of the Boussinesq equations,408

Kafiabad et al. (2019) demonstrate that wave action di�uses on constant frequency surfaces. Our409

ray tracing simulations show that, on longer time scales than considered by Kafiabad et al. (2019),410

wave packets do not remain on constant frequency surfaces. Moreover, the intrinsic frequency411

20

ϵ =
|U |
cg

Samuel Boury’s study presented Monday 
explores this transition for different 

dispersion relations  


